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NATURAL CIRCULATION IN AN INCLINED 
RECTANGULAR CHANNEL HEATED ON ONE SIDE 

AND COOLED ON THE OPPOSING SIDE 

HIROYUKI OZOE,* KAZUMITSU YAMAMOTO,* HAYATOSHI SAYAMA* and STUART W. CHURCHILL? 

(Received 21 November 1973) 

Abstract-Two-dimensional natural circulation in an inclined, confined box heated on one side and 
cooled on the opposing side was modelled and solved by finite-difference methods. The angle of 
inclination was varied from 0 to 180” for four aspect ratios. Experimental results were obtained which 
are in good agreement with the theoretical predictions. The preferred mode of circulation was observed 
to change with the angle of inclination and the aspect ratio. A minimum in the heat flux occurred at the 

point of transition. A maximum in the heat flux occurred as the angle was further increased. 

NOMENCLATURE 

specific heat; 
acceleration due to gravity; 
local heat-transfer coefficient, = q/(0, - 8,); 

height of channel in y-direction; 
thermal conductivity; 
length of channel in z-direction; 
Nusselt number qH/k(fJ- 0,); 

1 H 
average Nusselt number H. 

s 
Nu(Y)dX; 

0 

pressure; 
pressure perturbation above the static state; 

static pressure; 
Prandtl number, = cpp/k; 

heat flux density; 
Rayleigh number, = pggc,b(Q,, - OJH’jkp; 

time; 
dimensionless temperature, 

= (0 - &I)/(4 - Q,); 
velocity component in the x-direction, 
= acqay ; 
dimensionless velocity in the X-direction, 
= uH/K; 

velocity component in the y-direction, 
= - S@jldx ; 
dimensionless velocity in the Y-direction, 
= vH/K; 

width of the channel in the x-direction; 
- 
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X, distance from left side of channel; 

X, dimensionless coordinate, = x/H; 

AX, grid-size in X-direction; 

Yt distance from top of the channel; 

Y, dimensionless coordinate, = y/H; 

AK grid-size in Y-direction. 

Greek symbols 

89 volumetric coefficient of expansion with 
temperature; 

V 
4, vorticity, = av/i?x - aupy; 
D 
4, dimensionless vorticity, = [Hz/~; 

6, temperature; 

6 thermal diffusivity, = k/pc,; 

I4 viscosity; 

P, density; 
5, dimensionless time, = tti/H2 ; 

@‘, stream function; 

Y’, degree of inclination of the hot plate from 
the horizontal plane. 

Mathematical symbols 

D 2 ^I a 

5 
substantial derivative, = - + u ” + v - ; 

at c7x 2y 

9 
- 
2% 

dimensionless substantial derivative, 

V2, two-dimensional Laplacian in dimensionless 

32 I32 
coordinates, = ax” + ayz ; 
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Subscripts 

0, 

11% 
c. 

value at mean temperature: 
value at hot plate; 

value at cold plate. 

INTRODUCTION 

HYDRODYNAMIC stability and natural convection in a 
horizontal fluid layer heated from below has been the 
subject of theoretical research since the time of Rayleigh 
[l]. More recent studies including references [2-51 
have considered the critical state for a horizontal fluid 

layer bounded by the rigid boundaries. Free convection 
between a heated vertical plate and the ambient fluid 
has also received continued attention. In recent times 

attention has turned to natural convection within 
enclosures as exemplified by references [6] and [7]. 
Investigations have also been extended to non- 
Newtonian fluids as illustrated by references [8-lo] 
because of their industrial importance. Studies of 
inclined enclosures are more limited in number and 

scope. Natural convection in an inclined porous media 
was investigated by Hoist and Aziz [ 11, 121. Hart [ 131 
investigated convective stability of air and water in 
differentially heated, inclined boxes with height-to- 

width ratios of 25 and 37, and observed longitudinal 
roll-cells with their axes in the upslope direction at 
angles of inclination of the hot plate from 0 to 80” even 
at Ru < 10000 and also such rolls at 165“. He further 

reported (14) on the structure of thermal convection 
in a slightly slanted slot. Konicek and Hollands (15) 

made similar measurements and measured the critical 
value of Ra and Nu at slightly higher values of Ra in 
a differentially heated inclined layer of air for a height- 
to-width ratio of 44 and inclinations from 0 to 90’ and 
developed a correlation for Nrc for Ru slightly above 
RU,. 

The main difference of the current investigation from 

the above is in the’aspect ratio. The work of Hollands 
and Konicek and of Hart is for a shallow box with 
large aspect ratios. Our work is for small aspect ratios 
and hence takes into primary count the effect of the 
side walls on the two-dimensional circulation. 

Recently, Ozoe, Sayama and Churchill [16] in- 
vestigated natural convection in a long inclined channel 
with a square cross section and found a minimum 
and a maximum in the heat flux during rotation of 
the hot plate from the horizontal to the vertical plane 
about the long axis. They reported good agreement 
between the experimental average Nusselt number and 
the one predicted by numerical integration. The 
minimum heat flux occurred as the angle of inclination 
was decreased to about lo’, coincident with a change 
in the mode of circulation from a long roll-cell to a 

series of roll-cells with axes normal to the long dimcn- 
sion. The maximum heat flux occurred at an inclination 
of about 50 for all of the Rayleigh numbers which 

were studied. 
In the work reported herein the circulation of the 

fluid in a rectangular channel with various aspect 
ratios was modelled and solved by finite difference 

methods for angles of inclination from 0 to 180 The 
theoretical predictions were tested experimentally. The 
geometry is shown schematically in Fig. 1. The aspect 

Fro. I, Geometrical configuration of model 
and experiments. 

ratio is presumed to be characterized by W/H only. 
i.e. L/H is presumed to be long enough so that the 
end walls in the z-direction do not affect the behavior 

significantly. The upper surface of the channel was 
maintained at a uniform temperature and the opposing 
surface at a uniform higher temperature. The other 
sides were thermally insulated. The whole channel was 

then rotated about the z-axis (long dimension). 

MATHEMATICAL MODEL 

The usual Boussinesq approximations were made 
with 

PO 

p = iq@c-H,) 
and 

00 = (Oh + 0,)/2. (2) 

The physical properties of the fluid other than the 
density were assumed to be constant and were cal- 
culated at Oo. The velocity, pressure and temperature 
fields were assumed to be independent of z. The follow- 
ing equations of conservation are then applicable [16]. 

(6) 
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The boundary conditions corresponding to Fig. 1 are 

0(x, 0, t) = ec 

e(x, H, t) = Oh 

ae 
z (0, Y9 t) =g(W,y,t)=O 

. u(O, y, 4 = u(W, y, t) = u(x, 0, t) = u(x, H, t) = 0 

~(0, y, t) = u(W, y, t) = u(x, 0, t) = u(x, H, t) = 0. 

The total pressure may be represented as the sum of 

a static and a perturbed component: 

P = pcl+p*. (7) 

Substituting for p in equations (4) and (5), taking 
derivatives with respect to y and x, respectively, and 
subtracting, then introducing the vorticity and stream 
function defined as 

Dedimensionalizing by the procedure of Hellurns and 
Churchill [ 171 yields 

1 Dt --_= 
Pr D7 

+V’e (10) 

DT 
E = V’T. (11) 

The boundary conditions become 

T(X, 0, z) = - l/2 

T(X, 1,7) = l/2 

aT 
,(o,Y,7)=g $Y,7 =o 

( > 

U(O,Y,7)= u g,Y,7 = V(X,O,r)= U(X,l,7)=0 
( ) 

V(O,Y,7)= v $Y,7 = V(X,O,r)= V(X,1,7)=0. 
( ) 

(8) SOLUTION OF THE MODEL 

The above mathematical model was solved by finite- 

yields difference methods using essentially the same unsteady- 
state technique as Ozoe and Churchill [9] and Ozoe, 
Sayama and Churchill [16]. The non-dimensional 
X and Y coordinates were divided into segments 

JI q degrees 

FIG. 2. Computed effect of angle of inclination on rate of heat transfer at Pr = 10. 
This work, by interpolation of values at AX = AY = 0.1; Hollands and Konicek, by 

equation (12). 
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of equal size to minimize computational errors. 
AX = AY = 0.1 was adopted for the basic computa- 
tions The maximum non-dimensional time step, Ar. 

required for stability was chosen by trial and error. 

The critical problem in finite-difference calculations 
is usually the extrapolation of the results to zero 

grid-size. The maximum allowable time-step and the 
computational time increase very rapidly as the grid- 
size is decreased. Ozoe and Churchill [9] and Ozoe. 
Sayama and Churchill [16] minimized the compu- 
tational time by constructing an empirical correction. 
This construction required a complete computation 
for three grid-sizes and sufficient values of the par- 

ameters to bound the other conditions. Such a con- 

struction would have been prohibitive for the problem 
herein because of the additional parameter of aspect 

ratio. An alternative procedure was therefore adopted. 
The calculations were first carried out for the basic 
grid-size of AX = AY = 0.1. A sufficiently large non- 

dimensional time-step for stability was found to be 
0.001. The steady-state temperature and stream- 
function fields were obtained and fi was calculated at 
the mid-plane. The grid-size was then cut in two and 
the values of the temperature and stream-function were 
estimated for the added points by linear interpolation. 
fi was recalculated using the interpolated and original 

values. The resulting value was found by test calcu- 
lations to be within 2 per cent of that obtained by 
extrapolation of complete calculations for three grid- 

sizes to zero grid-size. Calculations were carried out 
for W/H = 1, 2, 3,4 and co and Ra = 2000,400O and 
8000. The results for the limiting case of zero angle of 
inclination agreed well with the previously computed 
values of Samuels and Churchill [18] and Kurzweg 
[ 191 for multiple roll-cells. 

RESULTS FROM NUMERICAL CALCULATIONS 

Representative results obtained by the above pro- 
cedure are plotted in Fig. 2. which indicates the effect 
of angle inclination, aspect ratio and Ra for Pr = 10. 

In each case a maximum heat flux was observed at an 
intermediate inclination. For aspect ratios of 3 and 4 
the circulation shifted to multiple roll-cells at small 
angles of inclination and the computations then became 
unstable. 

As the angle of inclination approaches 180” the cir- 
culation ceases and Nu correctly approaches unity cor- 
responding to pure conduction at all aspect ratios. 

Hollands and Konicek [15] proposed the following 
equation to represent their experimental data 

Nu=l+K 1-z L I (1-a 

Values of K and Ra, from their paper were used to 
calculate the indicated points and to construct the 

indicated curves in Fig. 2. Their aspect ratio of 44 may 
be considered to be essentially infinite. The hedt- 
transfer rate decreases monotonically with increasing 
angle of inclination up to 90.’ for this channel. Their 

Nu is apparently the local value in the central part of 
the long channel. On the other hand our value is the 
average one including the effects of mixing in the 
corners. The radical difference in the results indicates 
a change in the circulation pattern as the aspect ratio 
goes from small to large values. 

The computed values are plotted vs aspect ratio 
with angle of inclination as a parameter in Fig. 3. The 
computed values of Wilkes and Churchill [6] for 

Ra = 14660 and Pr = 0,733 are in qualitative agree- 
ment. 

The effect of Ra on Nu is illustrated in Fig. 4 for 

several aspect ratios. The effect of the angle of inclina- 
tion on the velocity field is illustrated in Fig. 5 for 
Ra = 4000 and Pr = 10 and an aspect ratio of 1.0. 

2.5 

\ 

0 0.5 I.0 0.5 0 

W/N--- 1 +--H/W 

FIG. 3. Computed effect ofaspect ratio on rate of 
heat transfer 0, This work: Ra = 4000, Pr = 10. 
by interpolation of values at AX = AY = 0.1. 
0, Wilkes and Churchill, Ra = 1.466 x IO”. 

Pr = 0.733, AX = AY = 0.1. 
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1000 2000 4000 10000 2000 4000 10000 

RU RO 

FIG. 4. Computed effect of Rayleigh number on rate of heat transfer 0, This work: by interpolation of 
values at AX = AY = 0.1. 

lJ 
-10-5 0 -10-5 0 

Cold 

FIG. 5. Computed effect of angle of inclination on velocity field at Ra = 4000, Pr = 10, W/H = 1.0. 
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W/H=2 

FIG. 6. Computed U-component of velocity at Ra = 4000, PP = 10. Y = 60” and 
AX=AY=O.l 

______, u = Ef 

t 

03-Y 
(@5- y)3 -7 1 sinT. 

W/H -3 I 

FAG. 7. Computed V-component of velocity at Ra = 4000, Pr = IO, \y = 60‘ and 
AX = AY = 0.1. 
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The highest velocity is at 60” which agrees with the 

maximum in fi. The effect of aspect ratio on the 
velocity field is illustrated in Figs. 6 and 7. The theor- 

etical expression for infinite, inclined vertical plates 
(W/H -+ co) is (13) 

u = !$ 
[ 

(0.5 - Y) (0.5 - y)3 -r I sin y’. 

(13) 

This expression is compared with the computed curve 
for W/H = 4 and Y = 60” in Fig. 6. Surprisingly good 
agreement is apparent. 

The contribution of convection to the local heat flux 
in the Y-direction at several levels is illustrated in 
Fig. 8 for Ra = 4000, Pr = 10. Y = 60” and W/H = 2. 
Heat transfer at the cooled wall is necessarily wholly 
by conduction but at the center convection is the 
primary mechanism. 

t: 4 

s 2 

0 

4 

2 

4 

Y =o.o 

Y =O.l 

Y = 0.2 

Y = 0.3 

Y q 0.4 

Y =0.5 

FIG. 8. Computed contribution of circulation of 
heat flux at Ra =4000, Pr = 10, W/H = 2, 

‘I’ = 60”. 

EXPERIMENTAL METHOD 

Convection channels with an aspect ratio, W/H, of 
1 and 3 were constructed of Plexiglas. The height of 
the channel was 002 m and the length along the z-axis 
was 0.24m in both cases. The upper and lower plates 
were made of O.Ol-m-thick copper to ensure a uniform 

temperature. The principal experimental difficulty was 

to detect the heat transfer rate precisely because the 

computed value of Nu 1s sensitive to heat losses. To 

minimize the effect of ambient changes a constant- 
temperature chamber, 2 x 2 x l.Sm was constructed 
and maintained at 301.15 _+ 0.2”K by an air-conditioner 

and heater with a precision mercury regulator. The 
temperature of the upper plate was established by a 
coolingjacket through which cooling water at 301.15’K 

was circulated from a constant-temperature bath of 
about 5 x lo-‘m3. The lower plate was heated by 

Nichrome wire and the heat input was measured with 
a watt-meter. The rate of heat transfer with no circu- 
lation was measured by turning the whole system 
upside down. From the known thermal conductivity 
of the working material the heat loss can then be 
estimated by subtracting the heat flux for pure con- 
duction from the measured heat input. The same heat 

loss was assumed to occur during the convective heat- 
transfer experiments for the same total heat input to 
the system. The temperature difference between the 

upper and lower plates was measured by copper- 
constantan thermocouples. A steady state was attained 
in 18-30 ks. 

EXPERIMENTAL RESULTS 

Representative experimental results are shown in 
Fig. 9 for silicone oil (p/p = 5 x 10-4m2/s at 29%15”K) 
and in a channel 0.02-m high x 0.06-m wide x 0.24-m 
long (W/H = 3). The total heat input to the lower plate 
was 2.38 W. 

The experimental values follow the curve represent- 
ing the computed values except at very low angles of 
inclination. This discrepancy is associated with the 
visual observation of a transition from a single roll-cell 

with its axis parallel to the long dimension of the 
channel to a series of oblique roll-cells with their axes 

parallel to the upslope plane but not parallel to each 
other. For the chosen conditions, Nu at Y = 25” de- 
creases 30 per cent from the computed value of 1.66 to 
the experimental value of 1.31. 

The decreasing of rate of heat transfer as the angle 
of inclination from the horizontal plane is increased 
slightly is presumably due to the greater drag of the 
oblique cells and hence to a lower rate of circulation. 

SUMMARY 

Experiments in rectangular channels with aspect 
ratios of 1 and 3 revealed first a minimum and then 
a maximum rate of heat transfer as the angle of 
inclination was increased from 0” to 180”. The behavior 
changes quantitatively but not qualitatively with 
Ra( < 10000) and aspect ratio. 

The maximum rate of heat transfer occurred at 
H/W = 065 and Y = 60. The minimum rate of heat 
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Oblique Long roll cells 

2.0 - roll cells 0 
0 

80 100 120 140 I60 180 

97 degrees 

FIG. 9. Comparison of experimental and computed rates of heat transfer at 
W/H = 3. 0, silicone oil (Pr = 4045, Ra = 4770); --,computed (Pr = 10, 

Ra = 4800). 

transfer occurred at a small angle of inclination which 

is a moderate function of aspect ratio and a slight 
function of Ra. A change in the mode of circulation 

was observed at the minimum in the heat-transfer rate. 
The circulation pattern for angles of inclination below 
this point of transition was observed to be a series”of 
oblique roll-cells. 

A mathematical model for a single long roll-cell was 
constructed and solved numerically for aspect ratios of 
1, 2, 3 and 4. The computed value of NM showed 
general agreement with the experimental results except 
at small angles of inclination for which a different 
mode of circulation prevails. 
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CONVECTION NATUR~LLE DANS UN CANAL RECTANGULAIRE INCLINE CHAUFFE 
D’UN COTE ET REFROIDI SUR LE COTE OPPOSE 

RiOsumB-On modklise et d&ermine par la mtthode des diffhrences finies, la circulation naturelle 
bidimensionnelle dans une boite inclinCe, chauffke sur une face et refroidie sur la face opposte. L’angle 
~inclinajson varie depuis z&o jusqu’h 180” pour quatre rapports de forme. On obtient des r&ultats 
exp&imentaux en accord avee les estimations thCoriques. On observe que le mode prtCrentie1 de 
circulation change avec l’angle d’inclinaison et le rapport de forme. I1 apparait un minimum au point de 

transition dam le flux thermique et un maximum lorsque l’angle est plus important. 

FREIE ZIRKULATION IN EINEM CENEIGTEN RECHTECKKANAL MIT 
BEHEIZUNG AUF DER EINEN UND KtjHLUNG AUF DER ANDEREN SETTE 

~usammenfassung-Die ~~ejdimensionale, freie Zirkuiation in einem geneigten. schmalen Kasten. der 
auf der einen Seite beheizt und auf der anderen Seite gekiihlt ist, wurde als Model1 nachgebildet und 
mit der Methode der finiten Elemente geliist. Der Neigungswinkel wurde zwischen 0 und 180’ ftir vier 
LiingenverhBltnisse verlndert. Die erhaltenen experimentellen Ergebnisse stimmen gut mit den 
theoretischen Vorausberechnungen iiberein. Es konnte beobachtet werden, da13 die Zirkulation sich in 
erster Linie mit dem Neigungswinkel und dem LlngenverhPltnis Inderte. Ein Minimum dcr Wgrme- 
stromdichte trat im Umschlagspunkt auf, ein Maximum stellte sich bei wciterer Zunahme des Winkels ein. 

ECTECTBEHHAR KOHBEK4~~ B ~K~OHHOM nP~MOYrOnbHOM KAHAJIE. 
HArPEBAEMOM C OAKOR CTOPOHbI M OXJIA>KAAEMOM C ~POT~BOnO~O~HO~ 
AmioTamm - c IIOMOUlbKl MeTOAOtl KOHe’fHbIX pa3HOCTeii IIOJIyYeHa MOA&Tb H PeUleHHe flB)‘MepHOii 

eCTeCTBeHHOfi KOHBeKUMM B HaKJIOHHOM Ol-PaHHYeHHOM KaHaJE. Hal-PeBaeMOM C OAHOti CTO,,OHbl W 

OXJIaxAaeMOM c II~OT~BO~IOJIO~HO~~. Yron HaKnOHa n3MeHxeTcn OT 0 ~0 180’ nnn Yer-blpex 3naYetivrB 
OTHOllleHHii CTOpOH. nOJlyYeHHbIe 3K~neP~MeHT~bHbie AaHHble XOPOLUO COrJtaCyIOTC~ C TeOpeTH- 

YecKmwi pacverami. 3aMe9eii0, YTO ~Pe~My~e~TBeHHa~ Mona nmmetwt 83MeHfleTm c ti3MefiewicM 
yrJI.2 HaKJlONa lil OTHOUIeHlIR CTOPOH. B TOYKC IIepeXOEi RMeeT MeCTO MMHMMaJTbHblfi TeWIOBOii nOTOK. 

npH AaJIbHCii”JeM yBeJIHYeHHH )‘rJEi HaKJIOHa tta6nmnaeTcfl MaKCMMWlbHblii TennOBOii “OTOK. 
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